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Abstract

Applications of the axisymmetric Boussinesq equation to groundwater hydrology and reservoir engineering have long been

recognised. An archetypal example is invasion by drilling fluid into a permeable bed where there is initially no such fluid present,

a circumstance of some importance in the oil industry. It is well known that the governing Boussinesq model can be reduced to a

nonlinear ordinary differential equation using a similarity variable, a transformation that is valid for a certain time-dependent flux at

the origin. Here, a new analytical approximation is obtained for this case. The new solution,, which has a simple form, is demon-

strated to be highly accurate.

� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Boussinesq-type approximations are often used for

modelling flow in porous media where sharp interfaces

exist and the horizontal component of the flux domi-

nates the vertical component. In groundwater hydrol-

ogy, where pumping of shallow aquifers is widespread,
Boussinesq models are invoked to describe the radial
0309-1708/$ - see front matter � 2005 Elsevier Ltd. All rights reserved.
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flow to or from a well (e.g. [1,4,7,8,21]). Similarly, flow

in hill slopes (e.g. [9,17,24,26]) and coastal aquifers

(e.g. [2,12,15,18,25]) is often modelled using Boussinesq

approaches. Because these models are based on a non-

linear governing equation, linearisation is a feature of

many solutions (e.g. [3,6,13,19,28,29]). That is, the prac-

tical applications of the solution to the Boussinesq equa-
tion have long been recognised.

Axisymmetric flow regimes are a feature of ground-

water systems subject to pumping, as mentioned above

in terms of groundwater utilisation. Air sparging in por-

ous media also gives rise to flow with dominant horizon-

tal components and a sharp interface between the

injected and resident fluids (e.g. [20,23,27]). Another

example involving pumping is invasion of drilling fluid
into a permeable bed. For the problem of drilling fluid
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invasion, Barenblatt�s work in the 1950s [see references

in 5] using self-similar solutions in particular has been

widely used. Dussan and Auzerais [11] have discussed

the problem in great detail in the context of oil drilling

where they assumed a power-law flux into the porous

medium exists.
The purpose of this note is to re-examine similarity

solutions to the axisymmetric Boussinesq model, build-

ing on Barenblatt�s [5] approach, with the aim of obtain-

ing improved approximate solutions for axisymmetric

flow. This similarity-variable approach was also used

by Dussan and Auzerais [11], and their results appear

as a special case of the results presented below. In order

to motivate the theory, we present the problem of dril-
ling mud invasion as a significant process where the axi-

symmetric Boussinesq model is appropriate. Other flow

processes could be modelled similarly.
2. Drilling mud invasion

Doll [10] provided an early investigation of drilling
mud invasion into a permeable aquifer. The problem

is discussed in detail by Doll [10], Dussan and Auzerais

[11] and Ramakrishnan and Wilkinson [22]; only a brief

discussion based on these papers is presented here.

During well drilling, filtrate (drilling mud) invades the

porous medium as it is kept at a higher pressure than the

formation fluid. This is to prevent escape of formation

fluid during drilling. Mud cake builds up on the wall
of the well, restricting the mud invasion of the forma-

tion. Indeed, the mud cake controls entry of the filtrate

due to its relatively low (compared with the formation)

permeability.

Fig. 1 provides a schematic diagram of the mud inva-

sion into a permeable layer bounded above and below

by impermeable layers. Mud cake builds up on the well

wall, leading to essentially horizontal discharge into the
formation. When filtrate enters the formation, it moves
Fig. 1. Schematic depiction of drilling fluid (filtrate) penetrating a

homogeneous confined porous medium. In the upper region (marked)

the flow is predominantly horizontal. In this region, the interface

position obeys the radial Boussinesq equation.
horizontally due to the positive pressure difference be-

tween the well and the formation fluid, and vertically

due to buoyancy (filtrate is typically much less dense

than formation fluid). As shown in Fig. 1, this leads to

a profile that is very narrow at the bottom of the perme-

able layer, while expanding at its top. At the top of the
permeable layer, the filtrate flux is essentially horizontal.

For relatively large buoyancy contrasts, Dussan and

Auzerais [10] show that the interface position above

the impermeable base within the upper layer is described

by the radial Boussinesq equation, presented below.
3. Theory

The dynamic movement of the interface between two

fluids (for instance air and water in the case of a pump-

ing well) can in certain circumstances be described by

the Boussinesq equation (e.g., see [5])

hs
oh
ot

� Ks

r
o

or
rh

oh
or

� �
¼ 0; ð1Þ

where h(r, t) is the interface position as defined in Fig. 1

(relative to the upper impermeable boundary; i.e., the

thickness of the upper filtrate layer), t the time, r the dis-
tance from the line source, Ks the saturated conductivity

and hs the porosity. We look for a self-similar solution

following [5]. In [5], a power-law flux (where the power

is related to the parameter a) at the origin is assumed

and dimensional analysis of Eq. (1) allows the deduction

that h should be of the form

h ¼ Mt
a�1
2 f ðgÞ ð2Þ

with

r ¼ gNt
aþ1
4 . ð3Þ

Note that Eq. (2) gives h(r, 0) = 0. Since f will be deter-

mined below, without loss of generality we relate the

constants M and N by

MK s ¼ N 2hs ð4Þ
and define N in terms of the front position r0 where

h = 0, so that [5]

r0 ¼ Nt
aþ1
4 ; ð5Þ

which imposes the condition

f ð1Þ ¼ 0. ð6Þ
Physically, Eq. (5) means that initially the front is at the

origin of r. Eq. (1) gives the differential equation for f(g)
as [5]:

a þ 1

4

� �
g
df
dg

� a � 1

2

� �
f þ 1

g
d

dg
gf

df
dg

� �
¼ 0. ð7Þ

Eq. (7) does not admit an exact solution. Below, we will

seek an improved approximation to f. Note that a is
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undefined at this stage although as mentioned in [5] it is

related to the flux at the origin of r. That is, it is deter-

mined by imposition of the boundary condition at the

origin of the co-ordinate system. The boundary condi-

tion is that the flux, q, is known at r = 0, with

q ¼ �Ks2prh
oh
or

at r ¼ 0 ð8Þ

or from Eqs. (2) and (3)

q ¼ �Ks2pM2ta�1 gf ðgÞ df
dg

� �
g¼0
. ð9Þ

Thus, we observe that a controls the flux at the origin.

We see that
R t
0
qd�t must be finite and thus a > 0. Dussan

and Auzerais [11] show that the cases of a = 1,2 have

special physical significance for the filtrate invasion

problem described above; a = 1 describes a constant flux
condition whereas a = 2 corresponds to a flux that in-

creases linearly with time.

Integration of Eq. (1) yields the overall conservation

of mass

q ¼ 2phs

Z r0

0

r
oh
ot
dr ð10Þ

or, from Eqs. (2)–(4) and (9),

gf ðgÞ df
dg

� �
g¼0

¼ �a
Z 1

0

f ðgÞgdg. ð11Þ

Eq. (11) can also be obtained directly by integration of
Eq. (7) over g between zero and one recognising that

the flux is zero at r = r0 i.e., g = 1. Integration of Eq.

(7) between g and one gives

df
dg

þ a þ 1

4

� �
g ¼ � a

f g

Z 1

g
f �gd�g. ð12Þ

In particular at g = 1 where f = 0 Eq. (12) shows that

df
dg

¼ � 1þ a
4

at g ¼ 1. ð13Þ

Eqs. (6) and (13) can be used to integrate Eq. (7)

numerically using for example the fourth-order
Runge–Kutta method without any difficulty as done

by Dussan and Auzerais [11]. These authors also derived

an expansion of the solution valid near g = 1, i.e.

f � a þ 1

4

� �
ð1� gÞ þ a � 1

8

� �
ð1� gÞ2

þ a þ 3

a þ 1

� �
a
36

ð1� gÞ3 þ � � � ð14Þ
3.1. Estimate of the front position

An important parameter comes from the first

moment of f, i.e.,
R 1
0
f gdg. As we shall see shortly, it is

related, for instance, to the position of the front, r0
From Eqs. (9) and (11) we have, for the cumulative

flux:Z t

0

qd�t ¼ Cta; ð15Þ

where C is the constant

C ¼ Ks2pM2

Z 1

0

f ðgÞgdg ð16Þ

and the front position, r0 is, from Eqs. (4), (5) and (16),

r40 ¼
Kstaþ1C

2ph2s
R 1
0
f gdg

; ð17Þ

yielding r0 as a function of a once
R 1
0
f gdg is known.

Several estimates of this integral are presented below.
Eq. (12) has a convenient form to discuss the proper-

ties of the solution. For instance it shows that as g ! 0:

f 2 	 �a lnðg2Þ
Z 1

0

f gdg. ð18Þ

Also, for a small an expansion is obtained easily by iter-
ation as

f 	 1

8
ð1� g2Þ � a

8
lnðg2Þ

� a2

4
lnðg2Þ þ 1

4
ln2ðg2Þ þ dilogðg2Þ

� �
þ . . . ; ð19Þ

where dilog is the dilogarithm function [14]. Eq. (19) is

consistent with Eq. (14) for the first two terms. The first

two terms of Eq. (19) lead to the first estimate:Z 1

0

f gdg 	 1

32
þ a
16
. ð20Þ

A very similar result can be obtained from the first two

terms of Eq. (14), 1
32
þ 5a

96
. Surprisingly, Eq. (20) leads to

an estimate of
R 1
0
f gdg numerically close to that of Dus-

san and Auzerais [11] for all a�s. This supports the no-
tion that Eq. (19) can be used in an iterative process.

The three terms in Eq. (19) then give for the first mo-

ment of f:Z 1

0

f gdg 	 1

32
þ a
16

� a2

8

p2

6
� 3

2

� �
; ð21Þ

which reduces to Eq. (20) when the O(a2) term is

dropped.
Eq. (21) is valid for a small only, as noted above.

However, observe from the large a limit of Eq. (7) that
f and thus

R 1
0
f gdg are proportional to a as a ! 1; thus

it is natural to express
R 1
0
f gdg as a continued-fraction

approximationZ 1

0

f gdg 	 1

32
þ a
16

1þ Aa
1þ Ba

� �
; ð22Þ
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where A and B are two constants that are relatively close

such that Eq. (20) is approximately satisfied. From Eq.

(21) we retrieve the condition

B� A ¼ p2

3
� 3 	 0.29. ð23Þ

An additional equation is needed to obtain A and B and

thus we seek an integral condition since our approxima-

tion is to be applicable for all a > 0. We can, for in-

stance, multiply Eq. (12) by fg � g2 and by integration

over g from zero to one, obtain the following results
for various terms of Eq. (12):

Term 1 on the left-hand side of Eq. (12)Z 1

0

f g
df
dg

dg2 ¼
Z 1

0

g2
df 2

dg2
dg2 ¼ g2f 2

��1
0
�
Z 1

0

f 2 dg2

¼ �
Z 1

0

f 2 dg2. ð24aÞ

Term 2 on the left-hand side of Eq. (12)Z 1

0

1þ a
4

� �
gf gdg2 ¼ 1þ a

4

� �Z 1

0

f g2 dg2. ð24bÞ

Term on the right-hand side of Eq. (12)

�a
Z 1

0

Z 1

g
f ð�gÞ�gd�gdg2 ¼ � a

2

Z 1

0

Z 1

g
f ð�gÞd�g2 dg2

¼ � a
2

Z 1

0

f ð�gÞ
Z �g2

0

dg2
" #

d�g2

¼ � a
2

Z 1

0

f g2 dg2. ð24cÞ

Combining Eqs. (24a)–(24c) givesZ 1

0

f dg2 ¼ 4

1þ 3a

Z 1

0

f 2 dg2 þ
Z 1

0

ð1� g2Þf dg2. ð24dÞ

We can use an expansion of f2 to order (1 � g2)m+1 and f

to order (1 � g2)m in the right-hand side of Eq. (24d) to

obtain a better estimate of the integral on the left-hand

side. To calculate the integral directly with the same or-

der of accuracy would have required knowledge of f to

order (1 � g2)m+1. Note that m is a non-negative integer.

For this reason, Eq. (24d) is an appropriate expression

to calculate
R 1
0
f ðgÞdg2 approximately.

The first two terms of Eq. (19) yield the approxima-

tion given in Eq. (20), which is already a reasonable

approximation. For the same starting point, use of Eq.

(24d) should yield a better approximation. Doing so

we obtain at once,

Z 1

0

f gdg 	 1

32
þ a
16

1þ 13
4
a

1þ 3a

� �
. ð25Þ

We should expect this estimate to be too large as f2

used in Eq. (24d) behaves like ln2(g2) for the O(a2) term,
whereas Eq. (18) shows that it should behave like ln(g2)
only. Dropping this a2 term yields another

approximation:

Z 1

0

f gdg 	 1

32
þ a
16

1þ 9
4
a

1þ 3a
. ð26Þ

This expression underestimates the first moment because

the coefficient of the ln(g2) term as g ! 1 is a
32
and we

know from Eq. (18) that it should be larger. Eq. (23)

confirms that the estimate of Eq. (26) is too low while

that of Eq. (25) is too high. B � A in Eq. (26) is too large

and too low in Eq. (25). Thus, the geometric average of
the two terms,

Z 1

0

f gdg ¼ 1

32
þ a
16

1þ 3
ffiffiffiffi
13

p

4
a

1þ 3a
; ð27Þ

should be quite accurate as 3� 3
ffiffiffiffi
13

p

4
	 0.296 is very close

to the low a limit of Eq. (23), i.e. p2

3
� 3 	 0.290. An

obvious alternative to Eq. (27) is to keep B = 3 as sug-

gested by both Eqs. (25) and (26) and calculate A from
Eq. (23), giving,

Z 1

0

f gdg ¼ 1

32
þ a
16

1þ 6� p2

3

� �
a

1þ 3a
; ð28Þ

which is indeed very slightly more accurate than Eq.

(27), as will be checked later.

3.2. Improved approximations for f

We are now going to find new, accurate approxima-

tions for f(g), which, we recall, is key to the solution

for h as shown by Eq. (2). As we have seen already in
the previous section, g2 is a more natural variable than
g due to the axisymmetric nature of the problem. It is

also more convenient to operate with f2 because of Eq.

(18). Eq. (14) then, up to terms of O(a2), becomes (cf.
[16]):

f 2 ¼ a þ 1

8

� �2

ð1� g2Þ2 þ aða þ 1Þ
64

ð1� g2Þ3

þ að29a þ 24Þ
2304

ð1� g2Þ4 þ . . . ; ð29Þ

valid for 1 � g2 small, whereas for g small the solution

has a logarithmic singularity given by Eq. (18). Note that

the limit of a = 0 from Eq. (29) reduces to the exact solu-
tion f = (1 � g2)/8, like Eq. (14). The aim is to produce a

uniform approximation valid for all g. The Taylor

expansion in Eq. (29) is quite straightforward and addi-

tional terms can be obtained without difficulty. However,

we shall consider only three terms to match the three-

term expansion of Dussan and Auzerais [11]. We shall

check later that it provides sufficient accuracy for any

purpose. In general, though, we can rewrite Eq. (29) as,
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f 21 ¼
Xp

n¼1
Znð1� g2Þnþ1; ð30Þ

where the Zn�s are to be appropriately determined and

the upper limit of the summation, p, could be infinite.

In the truncated expansion of Eq. (29) we set p = 3 with

Z1 ¼
aþ1

8

� �2

; Z2 ¼
aðaþ1Þ
64

and Z3 ¼
að29aþ24Þ

2304
.

ð31Þ
We use the notation f1 in Eq. (30) as a reminder that

the expansion is valid near g2 = 1. Near g2 = 0 the solu-

tion must satisfy Eq. (19), so we combine the two expres-

sions to provide a new approximation

f 2 	 f 21 � a lnðg2Þ þ
Xmþ1
n¼1

ð1� g2Þn

n

" #Z 1

0

f gdg. ð32Þ

Since
Pmþ1

n¼1
ð1�g2Þn

n is the expansion of �ln(g2) near g2 = 1,

the expression in Eq. (32) is valid to O(1 � g2)m+1 what-
ever the value of m. Also, by construction Eq. (32) sat-

isfies Eq. (18) near g2 = 0 for any m. Thus, Eq. (32)

provides a uniform approximation. Of course, we now

have to check its accuracy and its apparent convergence
as m increases. This is done below.
b

Fig. 2. (a) Profiles of f
aþ1 versus g obtained numerically and analyt-

ically using Eqs. (28) and (32) (m = 1, 2 and 3) and also Eq. (14)

keeping 1, 2 or 3 terms, for a = 1. (b) Absolute differences between the

analytical solutions and the numerical prediction.
4. Discussion

To apply Eq. (32) we require the value for
R 1
0
f dg2 gi-

ven by, for instance, Eq. (28). We could also use an iter-

ative technique by choosing some value for this
parameter, calculate f2 from Eq. (32) and calculateR 1
0
f dg2 from this estimate and use this estimate to reit-

erate until convergence is obtained. The iterated values

in Table 1 were so obtained. However, they are given

here only as a check of convergence. It is clear that this

iterative calculation of
R 1
0
f dg2 is numerical and thus

largely defeats the purpose of our study, which is to pro-

vide a fully analytical solution, especially since the
numerical solution of the original problem based on,

for example the finite-difference method, is straightfor-

ward and iteration provides no significant improvement.
Table 1

Calculated values of

R
f dg2

aþ1 using different methods

a = 0.5 a =

Eq. (27) 0.0790 0.08

Eq. (28) 0.0810 0.08

Evaluation of the integral based on the iterated

solution of f, i.e., Eq. (32) with m = 3, in which

Eq. (27) is used as a first approximation

0.0806 0.08

Evaluation of the integral based on the iterated

solution of f, i.e., Eq. (32) with m = 3, in which

Eq. (28) is used as a first approximation

0.0808 0.08

Numerical solution 0.0810 0.08

a This limit corresponds to an exponential flux at the origin (see Appendix
Table 1, in addition to the iterated values, providesR 1

0
f dg2

1þa obtained exactly (numerically) and analytical esti-

mates from Eqs. (27) and (28) for a = 1/2,1,3/2,2,5,1.

Note we divided the result by a + 1 to obtain a finite re-

sult when a ! 1. In this limit, the power-law flux at the

origin reduces to an exponential flux, as shown in

Appendix A. Note, also, that for a = 0, the analytical re-

sult f ¼ 1�g2

8
is the exact result as provided by our

procedure.

Fig. 2 shows the details of the profiles, f
aþ1, obtained

numerically and analytically for m = 1,2 and 3, using
1 a = 1.5 a = 2 a = 5 a !1a

58 0.0896 0.0920 0.0978 0.1036

92 0.0940 0.0972 0.1052 0.1130

88 0.0936 0.0968 0.1046 0.1118

92 0.0942 0.0974 0.1056 0.1124

94 0.0942 0.0973 0.1051 0.1126

A).



Fig. 3. Profiles of f
aþ1 versus g obtained numerically, and using Eqs.

(28) and (32) (m = 3) for different values of a.
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Eqs. (28) and (32) and also Eq. (14) keeping 1, 2 or 3

terms. We show the results for a = 1 only. Other values

of a give similar results, i.e., there is little difference be-
tween the numerical results and the analytical approxi-

mation given in Eq. (32). The calculations have been

given for m = 1,2 and 3 and we notice the slight

improvement as m increases. Also (as shown in Table
1), the iterated value (of the first moment of f ) provides

only slight improvement over the analytical result, i.e.,

Eqs. (32) and (28). Thus, the latter is all that is required

and is remarkably accurate, justifying our procedure.

Even the simple result for m = 1 is quite accurate and

as shown in Fig. 2a there is no noticeable difference be-

tween the analytical approximations for m = 1,2 and 3,

and the exact result. More detail on the absolute differ-
ences is shown in Fig. 2b. As expected, Eq. (14) is far less

accurate. Finally, Fig. 3 gives the profiles for several a�s
and m = 3. We see that the accuracy of the prediction is

very satisfactory for all cases.
5. Conclusions

By combining a straightforward Taylor expansion

with the known logarithmic singularity at g = 0 we ob-

tained a very accurate solution to an axisymmetric

Boussinesq problem, viz. one where the flux at the origin

varies with time to a power parameterised by a. The sim-
plest case keeps only the first term in the expansion, and

provides surprisingly accurate results. Adding the sec-

ond and third terms provides even greater accuracy.
The crucial step underlying these results is that the first

moment
R 1
0
f gdg appearing in the right-hand side of the

approximation is estimated very accurately (which also

provides an excellent estimate of the front position, see

Eq. (17)).
The procedure followed here seems quite general and

might possibly be used in other problems when a Taylor

expansion is obtainable at one point and a singularity is

present at another point. Although there is similarity

with a standard boundary-layer approach we do not re-

quire a small parameter. In spite of its apparent general-
ity we were not able to find other examples where this

technique has been used.

The theory presented is applicable to situations where

predominantly horizontal flow of one fluid displacing an-

other is involved, influent flux obeys a power law and the

interface mixing between the two fluids is relatively

small. The example of drilling mud fluid given earlier fits

this description. In that case, a vertical flow region driven
by the buoyancy contrast is overlain by a region where

predominantly horizontal flow occurs at the top of the

confined aquifer. The original analysis of Doll [10] was

revisited by Dussan and Auzerais [11] where it was

shown that the locations of these regions could be esti-

mated. Nonetheless, the theory presented here is clearly

most relevant to the leading edge of the horizontal intru-

sion, e.g., locating the position of the front.
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Appendix A. Limit of large a

Here we show that the large a limit corresponds to

the exponential flux at the origin [5]. First, we note that

Eq. (7) can be rewritten using the transformation

g = (1 + a)f:

g
2

dg
dg

� a � 1

a þ 1

� �
g þ 1

g
d

dg
g
dg2

dg

� �
¼ 0. ðA1Þ

Now, consider the solution to Eq. (1) using the

transformations:

h ¼ A exp
kt
2

� �
gðgÞ ðA2Þ

with

r ¼ gN exp
kt
4

� �
. ðA3Þ

where

A2 ¼ N 2khs
Ks

. ðA4Þ

Then, Eq. (1) becomes

g
2

dg
dg

� g þ 1

g
d

dg
g
dg2

dg

� �
¼ 0. ðA5Þ
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Eq. (A1) reduces to Eq. (A5) in the limit of a ! 1.

Substitution of the transformations in Eqs. (A2) and

(A3) into Eq. (8) shows that for this case the flux at

the origin is proportional to exp(kt). Thus, the large a
power-law flux is in the limit an exponential flux.
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